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Majorana fermions are a fascinating medium for discovering new phases of matter. However, the
standard analytical tools are very limited in probing the non-perturbative aspects of interacting Ma-
joranas in more than one dimensions. Here, we employ the holographic correspondence to determine
the specific heat of a two-dimensional interacting gapless Majorana system. To perform our analysis
we first describe the interactions in terms of a pseudo-scalar torsion field. We then allow fluctua-
tions in the background curvature thus identifying our model with a (2 + 1)-dimensional Anti-de
Sitter (AdS) geometry with torsion. By employing the AdS/CFT correspondence, we show that the
interacting model is dual to a (1 + 1)-dimensional conformal field theory (CFT) with central charge
that depends on the interaction coupling. This non-perturbative result enables us to determine the
effect interactions have in the specific heat of the system that can be measured in the laboratory
with current technology.
I. INTRODUCTION
Majorana fermions opened up a wealth of new possi-
bilities in the behaviour of materials. As they support
non-local quantum correlations they hold the promise of
exhibiting novel quantum phases of matter. Moreover,
they hold the key ingredient of quantum stability that is
favourable for performing quantum computation [1, 2].
Of particular interest are interacting Majorana fermions,
which have diverse applications ranging from topological
quantum technologies [3], to the modelling of black holes
[4, 5] and supersymmetric CFTs [6–8].
Relativistic behaviour of two-dimensional Majorana
fermions in the presence of Majorana-zero-mode bound-
ing vortices [9] has been recently identified in the low en-
ergy limit of various materials, such as A2IrO3 (A=Na,
Li) [10] or α-RuCl3 [11–13]. As Majorana fermions are
neutral we cannot probe charge response. But thermal
response is still accessible. Recently, the heat capac-
ity and thermal conductivities have been measured in
various experiments [14, 15] revealing the novel proper-
ties Majorana fermions induce to quantum matter. Due
to the analytic tractability of free relativistic Majorana
fermions they have enjoyed several rigorous numerical in-
vestigations of their thermodynamical properties [16–20].
Lately, an increasing amount of interest is focused on
the effect interactions have in the topological character-
istics of Majorana systems [21]. This is motivated by the
high likelihood of having finite density of localised Majo-
rana fermions in two-dimensional materials. The analyt-
ical study of such systems is formidable, while numerical
analysis of interacting 2D Majorana systems faces nu-
merous challenges. Most of the studies in two dimensions
employ renormalisation group (RG) analysis [22–24] and
mean-field theory [22, 25–28].
In this work, we focus on interacting Majorana
fermions in two dimensions described by a Gross-Neveu-
Yukawa model [8, 22, 24, 29–31]. This model is defined
by a spinless Majorana field coupled to a dynamical real
pseudo-scalar field. We then couple the Majorana and
scalar fields to curvature through an affine connection,
where the pseudo-scalar field is interpreted as torsion.
In particular, we analyse the regime where anti-de Sit-
ter geometry emerges. Finally, by employing the holog-
raphy correspondence we map this model to a (1 + 1)-
dimensional CFT. Due to conformal anomaly the central
charge of the CFT is proportional to the specific heat
of the system [32–34]. Hence, we analytically obtain the
thermal response of the interacting Majorana model at
low temperatures.
Our approach furnishes a powerful tool for analytically
determining thermal signatures of interacting Majorana
fermions, such as the specific heat, that can be measured
in the laboratory. We find that the Gross-Neveu-Yukawa
model of the 2D interacting Majoranas has a specific heat
that grows linearly with temperature, a characteristic
that is also met in interacting Dirac fermions. More-
over, we find that the specific heat is linear in the inter-
action coupling of the Majoranas. These signatures can
be directly used for the experimental verification of our
results.
II. THE 2D INTERACTING MAJORANA
MODEL
We start by considering interacting Majorana fermions
in two dimensions at criticality. Such a phase can emerge,
e.g. in a superconducting thin film placed in a perpen-
dicular magnetic field on the top of a three-dimensional
topological insulator [22] or at the boundary of a three-
dimensional topological superconductor [6]. The effective
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2action in the low energy limit is given by
Sflat =
∫
d3x
[ 1
2
(χ¯γµ∂µχ− ∂µχ¯γµχ) + sφχ¯χ
−1
2
∂µφ∂
µφ+
r
2
φ2 +
u
4
φ4
]
, (1)
where µ = 0, 1, 2, indices are raised or lowered by
ηµν = diag(−1, 1, 1), the (real) Majorana representation
γµ = (iσy, σx, σz), with σµ the Pauli matrices, χ is a two-
component Majorana spinor, φ is a real pseudo scalar
field and s, r, u are real parameters (u > 0). This ac-
tion is called the Gross-Neveu-Yukawa model that has a
rich RG phase diagram, including an interacting super-
symmetric CFT [6, 8]. Upon integration of the pseudo-
scalar field, one recovers a Gross-Neveu-like model that
describes self-interacting Majorana fermions [35]. By its
turn, the scalar field φ can be interpreted in terms of a
geometric torsion. The torsion tensor Tµνκ [36], can be
non-zero even in the flat space. In fact, in 2 + 1 dimen-
sions this tensor can be, in general, decomposed into a
vector field, a traceless rank-2 symmetric tensor and a
pseudo scalar field that we identify with φ [37].
III. EFFECTIVE DESCRIPTION WITH
ANTI-DE SITTER GEOMETRY
Even though the action (1) provides an effective-field-
theory description of interacting Majorana fermions, the
study of its non-perturbative regime remains challeng-
ing. As Majorana fermions are neutral, they do not cou-
ple with a U(1) gauge connection. Nevertheless, besides
real pseudo-scalar fields, Majorana fermions can couple
to a spacetime connection. We identify (1) as the flat
limit of a system of Majorana fermions in a Riemann-
Cartan geometry. In this way, we can take advantage
of the AdS/CFT correspondence [38] that can provide
non-perturbative results about strongly interacting sys-
tems [39]. This formalism in the case of non-zero tor-
sion [40–42] has been successfully applied in the study of
free massive Majorana fermions and thermal Hall effect
on the gapped boundary of three-dimensional topological
superconductors [43].
A. Curved background
Let us consider the higher-derivative gravitational
model in 2 + 1 dimensions given by the action
SRC =
∫
d3x
√−g
{ 1
2
[
χ¯γµDµχ− (Dµχ¯)γµχ
]
+k1R+ k2R
2 + k3R
µνRµν
}
,(2)
where the geometry is described by the metric compatible
Riemann-Cartan connection
Γκµν = Γ
κ
µν +
1
2
(Tµν
κ + Tνµ
κ + Tκµν) , (3)
with Γκµν the Levi-Civita connection associated to the
metric gµν , Tµν
κ = Γκµν − Γκνµ and g = det gµν . Note
that in curved space we have γµ = ea
µγa, where γa
are the gamma matrices defined as in (1) and with the
dreibein ea
µ fulfilling ea
µeb
νgµν = ηab. The torsionful
curvatures and spin connection are defined as Rκλµν =
∂µΓ
κ
νλ−∂νΓκµλ+ΓκµξΓξνλ−ΓκνξΓξµλ, Rµν = Rκµκν ,
R = gµνRµν and Ωκab =
(
∂κea
µ + Γµκλea
λ
)
eb
νgµν , re-
spectively, so that the covariant derivative on spinors
is given by Dµ = ∂µ + ωµ, with ωµ =
1
8Ωµab[γ
a, γb].
As fermions couple only to the completely antisymmet-
ric part of the torsion, we can choose, without loss of
generality,
Tµνκ =
1
3!
εµνκφ, (4)
with εµνκ the Levi-Civita tensor. Denoting by Rµν and
R the Ricci and scalar curvatures associated to gµν , we
obtain
Rµν = Rµν − 1
2
εµν
κ∂κφ+
1
2
φ2gµν , R = R+
3
2
φ2. (5)
As a result, in the flat limit, namely gµν → ηµν and
ea
µ → δµa , the action SRC given in (2) reduces to the
action Sflat given in (1) when k1 =
1
3r, k2 =
1
9u − 13 ,
k3 = 1 and s =
3
4 . In Section IV we show that we
only need to employ ωµ and eµ that correspond to pure
gauge connections A = ω + qe, A¯ = ω − q¯e, for suitably
chosen parameters q and q¯. In that case, the dynamical
properties of the flat action (1) and of the curved one
(2) are the same as they are related by a pure gauge
transformation.
B. Equations of motion
In order to apply the AdS/CFT correspondence, we
first need to determine whether the equations of motion
δSRC
δχ¯
= 0,
δSRC
δφ
= 0 and
δSRC
δeaµ
= 0, (6)
admit an AdS solution. For this purpose we look for
analytic solutions with constant curvature, R ≡ K, co-
variantly constant torsion so that φ ≡ T , and maximally
symmetric spinor fields χ. This last condition is imple-
mented by requiring the χ to satisfy the Killing equation
[44]
Dµχ = λγµχ (7)
with Dµ the torsionless covariant derivative on spinors
and λ a possibly complex number. In fact, the solutions
of this equation, called Killing spinors, represent max-
imally symmetric solutions of the Dirac equation in a
curved spacetime. Such solutions include the AdS ge-
ometries that we are interested in.
As [Dµ, Dν ]χ = −K24 [γµ, γν ]χ and (7) implies
[Dµ, Dν ]χ = λ
2 [γµ, γν ]χ, we obtain that K = −24λ2.
3Therefore, real values of λ imply a negative curvature,
while purely imaginary ones a positive curvature. On
the other hand, the equation of motion δSRC/δχ¯ = 0 is
satisfied by Killing spinors if and only if
λ = −1
4
T, (8)
implying that λ has to be real and the curvature negative
K = −3
2
T 2. (9)
In addition, the Killing equation with real λ implies the
constancy of χ¯χ ≡ M of the Majorana spinor field.
By taking into account (7), the remaining equations
δSRC/δφ = 0, δSRC/δea
µ = 0 reduce to the algebraic
equations in T and M
rT +
3
4
M = 0, T
(
−1
3
r T − 1
4
M
)
= 0. (10)
The unique solution is given by
K = −27
32
(
M
r
)2
, T = −3
4
M
r
, (11)
corresponding to an AdS2+1 with non-zero torsion for
any M 6= 0. Thus, differently from the higher-derivative
gravity model without matter [40], we have shown in our
geometric model with matter that the torsion is not zero
even at the level of the equations of motion. This is com-
patible with the general feature of gravitational models
with fermion matter, where the spinor field is the source
of torsion even at semi-classical level [36]. Notice that the
AdS2+1 space is defined in terms of groups by SO(2, 2),
which contains the Lorentz group SO(2, 1).
IV. TOPOLOGICAL ACTION AND PURE
GAUGE
To simplify the application of the holographic corre-
spondence we adopt an action that has equivalent be-
haviour to (2) in the asymptotic limit. The higher-
derivative Riemann-Cartan action SRC (2) shares the
same AdS solution with constant torsion with the fol-
lowing topological action [42]
Stopo =
∫
d3x
√−g
(
R+ 2Λ + α µνκTµνκ
)
, (12)
when Λ = − ( 9M8r )2 and α = 34 Mr . This action directly
encodes the AdS geometry as it has negative cosmological
constant, Λ < 0. Firstly, both actions (2) and (12) are
time-reversal invariant due to the absence of the gravita-
tional Chern-Simons term. Secondly, (2) and (12) share
the same AdS sector even in the absence of the Dirac
action in Eq. (12). In fact, the Dirac part of the action
SRC becomes equivalent to a cosmological constant term.
This can be shown by varying the Dirac part of the action
SRC with respect to the dreibein and imposing the condi-
tions (7), (4) and (8). Importantly, any cosmological con-
stant term does not contribute to the asymptotic bound-
ary action or the corresponding CFT [42] that we are in-
terested in (the boundary action and the corresponding
holographic stress-energy tensor will be discussed in the
next section). In other words, Λ contains the information
about Dirac fermions where now their dynamics is frozen
due to the Killing condition (7). Hence, to obtain the
CFT that corresponds to SRC we can consider AdS/CFT
correspondence for Stopo by following the treatment de-
veloped in Refs [41, 42].
The action Stopo is topological as it can be written
in terms of Chern-Simons theories. Indeed, the AdS2+1
group decomposes as SO(2, 2) = SO(2, 1) × SO(2, 1).
Hence, we can write
Stopo =
t
8pi
SCS(A)− t¯
8pi
SCS(A¯), (13)
where
SCS(A) =
∫
d3xµνκtr
(
Aµ∂νAκ +
2
3
AµAνAκ
)
. (14)
Here, the trace is taken on the Lorentz group SO(2, 1),
the couplings are given by t = t¯ = pi
√
2
3
16
3
r
M and the
two independent SO(2, 1) gauge connections A and A¯ are
given by
Aµ = ωµ + qeµ and A¯µ = ωµ − q¯eµ, (15)
where eµ =
1
2γae
a
µ, q =
3
8
M
r
(
1 +
√
6
)
and q¯ = 38
M
r
(
1 −√
6
)
. As action (12) is topological but non-trivial, it
implies that A and A¯ are pure gauge connections. This
can be seen by calculating the equations of motion of (13)
with respect to A and A¯, respectively
µνκFµν(A) = 0, 
µνκFµν(A¯) = 0, (16)
where Fµν(A) = ∂µAν−∂νAµ+[Aµ, Aν ] is the curvature
tensor of A (the same holds for A¯). The AdS2+1 solution
with non-zero torsion corresponds to such pure-gauge
configurations. Hence, the transformation of action (1) to
the action with curved background (2) need only happen
with spin connection ωµ and dreibein eµ that correspond
to a pure gauge Aµ, A¯µ and thus they leave the dynamics
of the original model invariant. The conceptual equiva-
lence between actions is depicted in Fig. 1. Such pure
gauge regime, which characterises the AdS configuration
in both (12) and (2), allows us to employ the holographic
correspondence as we show in the next section.
V. HOLOGRAPHIC CORRESPONDENCE
To apply the holographic correspondence to the topo-
logical action (13), we assume that the spacetime is dif-
feomorphic to M2 × R, a two-dimensional Minkowski
4AdS2+1
pure gauge
<latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1_base6 4="ZPkglLDev2tHq3lzE6EqS1uDDyQ=">AAA B+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJCLo suHFZwV6gDWUyPUmHTi7MnKgl9lHcuFDErU/ izrdx2mahrT8MfPznHM6Z30+l0Og431ZpbX1j c6u8XdnZ3ds/sKuHbZ1kikOLJzJRXZ9pkCKG FgqU0E0VsMiX0PHH17N65x6UFkl8h5MUvIiF sQgEZ2isgV3tIzxinmYKaMiyEKYDu+bUnbno KrgF1Eih5sD+6g8TnkUQI5dM657rpOjlTKHg EqaVfqYhZXzMQugZjFkE2svnp0/pqXGGNEiUe THSuft7ImeR1pPIN50Rw5Fers3M/2q9DIMrL xdxmiHEfLEoyCTFhM5yoEOhgKOcGGBcCXMr5 SOmGEeTVsWE4C5/eRXa53XX8O1FrXFRxFEmx +SEnBGXXJIGuSFN0iKcPJBn8krerCfrxXq3Ph atJauYOSJ/ZH3+AMWPlEU=</latexit><latexit sha1_base6 4="ZPkglLDev2tHq3lzE6EqS1uDDyQ=">AAA B+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJCLo suHFZwV6gDWUyPUmHTi7MnKgl9lHcuFDErU/ izrdx2mahrT8MfPznHM6Z30+l0Og431ZpbX1j c6u8XdnZ3ds/sKuHbZ1kikOLJzJRXZ9pkCKG FgqU0E0VsMiX0PHH17N65x6UFkl8h5MUvIiF sQgEZ2isgV3tIzxinmYKaMiyEKYDu+bUnbno KrgF1Eih5sD+6g8TnkUQI5dM657rpOjlTKHg EqaVfqYhZXzMQugZjFkE2svnp0/pqXGGNEiUe THSuft7ImeR1pPIN50Rw5Fers3M/2q9DIMrL xdxmiHEfLEoyCTFhM5yoEOhgKOcGGBcCXMr5 SOmGEeTVsWE4C5/eRXa53XX8O1FrXFRxFEmx +SEnBGXXJIGuSFN0iKcPJBn8krerCfrxXq3Ph atJauYOSJ/ZH3+AMWPlEU=</latexit>
Sflat
<latexi t sha1_base6 4="BldnZ55tR 6+hNXty1Pg1D 7/CMwo=">AAA B9HicbZBNS8N AEIY39avWr6p HL4tF8FQSEfR Y8OKxov2ANpT NdtIu3Wzi7qR YQn+HFw+KePX HePPfuG1z0NY XFh7emWFm3yC RwqDrfjuFtfWN za3idmlnd2// oHx41DRxqjk0 eCxj3Q6YASkU NFCghHaigUWB hFYwupnVW2PQ RsTqAScJ+BEb KBEKztBa/n2v i/CEWSgZTnvl ilt156Kr4OVQ IbnqvfJXtx/z NAKFXDJjOp6b oJ8xjYJLmJa6 qYGE8REbQMeiY hEYP5sfPaVn1 unTMNb2KaRz9 /dExiJjJlFgO yOGQ7Ncm5n/1 Tophtd+JlSSI ii+WBSmkmJMZ wnQvtDAUU4sM K6FvZXyIdOMo 82pZEPwlr+8C s2Lqmf57rJSu 8zjKJITckrOi UeuSI3ckjppE E4eyTN5JW/O2H lx3p2PRWvByW eOyR85nz9H/Z Jg</latexit><latexi t sha1_base6 4="BldnZ55tR 6+hNXty1Pg1D 7/CMwo=">AAA B9HicbZBNS8N AEIY39avWr6p HL4tF8FQSEfR Y8OKxov2ANpT NdtIu3Wzi7qR YQn+HFw+KePX HePPfuG1z0NY XFh7emWFm3yC RwqDrfjuFtfWN za3idmlnd2// oHx41DRxqjk0 eCxj3Q6YASkU NFCghHaigUWB hFYwupnVW2PQ RsTqAScJ+BEb KBEKztBa/n2v i/CEWSgZTnvl ilt156Kr4OVQ IbnqvfJXtx/z NAKFXDJjOp6b oJ8xjYJLmJa6 qYGE8REbQMeiY hEYP5sfPaVn1 unTMNb2KaRz9 /dExiJjJlFgO yOGQ7Ncm5n/1 Tophtd+JlSSI ii+WBSmkmJMZ wnQvtDAUU4sM K6FvZXyIdOMo 82pZEPwlr+8C s2Lqmf57rJSu 8zjKJITckrOi UeuSI3ckjppE E4eyTN5JW/O2H lx3p2PRWvByW eOyR85nz9H/Z Jg</latexit><latexi t sha1_base6 4="BldnZ55tR 6+hNXty1Pg1D 7/CMwo=">AAA B9HicbZBNS8N AEIY39avWr6p HL4tF8FQSEfR Y8OKxov2ANpT NdtIu3Wzi7qR YQn+HFw+KePX HePPfuG1z0NY XFh7emWFm3yC RwqDrfjuFtfWN za3idmlnd2// oHx41DRxqjk0 eCxj3Q6YASkU NFCghHaigUWB hFYwupnVW2PQ RsTqAScJ+BEb KBEKztBa/n2v i/CEWSgZTnvl ilt156Kr4OVQ IbnqvfJXtx/z NAKFXDJjOp6b oJ8xjYJLmJa6 qYGE8REbQMeiY hEYP5sfPaVn1 unTMNb2KaRz9 /dExiJjJlFgO yOGQ7Ncm5n/1 Tophtd+JlSSI ii+WBSmkmJMZ wnQvtDAUU4sM K6FvZXyIdOMo 82pZEPwlr+8C s2Lqmf57rJSu 8zjKJITckrOi UeuSI3ckjppE E4eyTN5JW/O2H lx3p2PRWvByW eOyR85nz9H/Z Jg</latexit><latexit s ha1_base64="BldnZ5 5tR6+hNXty1Pg1D7/C Mwo=">AAAB9HicbZBN S8NAEIY39avWr6pHL4 tF8FQSEfRY8OKxov2A NpTNdtIu3Wzi7qRYQn +HFw+KePXHePPfuG1z 0NYXFh7emWFm3yCRwq DrfjuFtfWNza3idmlnd 2//oHx41DRxqjk0eCx j3Q6YASkUNFCghHaig UWBhFYwupnVW2PQRsT qAScJ+BEbKBEKztBa/ n2vi/CEWSgZTnvlilt 156Kr4OVQIbnqvfJXt x/zNAKFXDJjOp6boJ8 xjYJLmJa6qYGE8REbQM eiYhEYP5sfPaVn1unT MNb2KaRz9/dExiJjJl FgOyOGQ7Ncm5n/1Top htd+JlSSIii+WBSmkm JMZwnQvtDAUU4sMK6F vZXyIdOMo82pZEPwlr +8Cs2Lqmf57rJSu8zj KJITckrOiUeuSI3ckj ppEE4eyTN5JW/O2Hlx3 p2PRWvByWeOyR85nz9 H/ZJg</latexit><latexit s ha1_base64="BldnZ5 5tR6+hNXty1Pg1D7/C Mwo=">AAAB9HicbZBN S8NAEIY39avWr6pHL4 tF8FQSEfRY8OKxov2A NpTNdtIu3Wzi7qRYQn +HFw+KePXHePPfuG1z 0NYXFh7emWFm3yCRwq DrfjuFtfWNza3idmlnd 2//oHx41DRxqjk0eCx j3Q6YASkUNFCghHaig UWBhFYwupnVW2PQRsT qAScJ+BEbKBEKztBa/ n2vi/CEWSgZTnvlilt 156Kr4OVQIbnqvfJXt x/zNAKFXDJjOp6boJ8 xjYJLmJa6qYGE8REbQM eiYhEYP5sfPaVn1unT MNb2KaRz9/dExiJjJl FgOyOGQ7Ncm5n/1Top htd+JlSSIii+WBSmkm JMZwnQvtDAUU4sMK6F vZXyIdOMo82pZEPwlr +8Cs2Lqmf57rJSu8zj KJITckrOiUeuSI3ckj ppEE4eyTN5JW/O2Hlx3 p2PRWvByWeOyR85nz9 H/ZJg</latexit>
Stopo(A, A¯)
<latexit sha1_base64="ZVj IXHTackKEGPdPL+gvSd4dIB8=">AAACAXicbZDLSgMxFIYz9 VbrbdSN4CZYhApSZqSgyxY3LivaC7SlZNK0Dc0kQ3JGLEPd+ CpuXCji1rdw59uYtrPQ6g+Bj/+cw8n5g0hwA5735WSWlldW1 7LruY3Nre0dd3evblSsKatRJZRuBsQwwSWrAQfBmpFmJAwEa wSjy2m9cce04UrewjhinZAMJO9zSsBaXffgptsGdg8JqEhNC pXTdkA0rpzkum7eK3oz4b/gp5BHqapd97PdUzQOmQQqiDEt3 4ugkxANnAo2ybVjwyJCR2TAWhYlCZnpJLMLJvjYOj3cV9o+CX jm/pxISGjMOAxsZ0hgaBZrU/O/WiuG/kUn4TKKgUk6X9SPBQ aFp3HgHteMghhbIFRz+1dMh0QTCja0aQj+4sl/oX5W9C1fl/ LlUhpHFh2iI1RAPjpHZXSFqqiGKHpAT+gFvTqPzrPz5rzPWz NOOrOPfsn5+AbvY5XU</latexit><latexit sha1_base64="ZVj IXHTackKEGPdPL+gvSd4dIB8=">AAACAXicbZDLSgMxFIYz9 VbrbdSN4CZYhApSZqSgyxY3LivaC7SlZNK0Dc0kQ3JGLEPd+ CpuXCji1rdw59uYtrPQ6g+Bj/+cw8n5g0hwA5735WSWlldW1 7LruY3Nre0dd3evblSsKatRJZRuBsQwwSWrAQfBmpFmJAwEa wSjy2m9cce04UrewjhinZAMJO9zSsBaXffgptsGdg8JqEhNC pXTdkA0rpzkum7eK3oz4b/gp5BHqapd97PdUzQOmQQqiDEt3 4ugkxANnAo2ybVjwyJCR2TAWhYlCZnpJLMLJvjYOj3cV9o+CX jm/pxISGjMOAxsZ0hgaBZrU/O/WiuG/kUn4TKKgUk6X9SPBQ aFp3HgHteMghhbIFRz+1dMh0QTCja0aQj+4sl/oX5W9C1fl/ LlUhpHFh2iI1RAPjpHZXSFqqiGKHpAT+gFvTqPzrPz5rzPWz NOOrOPfsn5+AbvY5XU</latexit><latexit sha1_base64="ZVj IXHTackKEGPdPL+gvSd4dIB8=">AAACAXicbZDLSgMxFIYz9 VbrbdSN4CZYhApSZqSgyxY3LivaC7SlZNK0Dc0kQ3JGLEPd+ CpuXCji1rdw59uYtrPQ6g+Bj/+cw8n5g0hwA5735WSWlldW1 7LruY3Nre0dd3evblSsKatRJZRuBsQwwSWrAQfBmpFmJAwEa wSjy2m9cce04UrewjhinZAMJO9zSsBaXffgptsGdg8JqEhNC pXTdkA0rpzkum7eK3oz4b/gp5BHqapd97PdUzQOmQQqiDEt3 4ugkxANnAo2ybVjwyJCR2TAWhYlCZnpJLMLJvjYOj3cV9o+CX jm/pxISGjMOAxsZ0hgaBZrU/O/WiuG/kUn4TKKgUk6X9SPBQ aFp3HgHteMghhbIFRz+1dMh0QTCja0aQj+4sl/oX5W9C1fl/ LlUhpHFh2iI1RAPjpHZXSFqqiGKHpAT+gFvTqPzrPz5rzPWz NOOrOPfsn5+AbvY5XU</latexit><latexit sha1_base64="ZVjIXHTackKEGPd PL+gvSd4dIB8=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSgyxY3LivaC7SlZNK0D c0kQ3JGLEPd+CpuXCji1rdw59uYtrPQ6g+Bj/+cw8n5g0hwA5735WSWlldW17LruY3Nre0dd3 evblSsKatRJZRuBsQwwSWrAQfBmpFmJAwEawSjy2m9cce04UrewjhinZAMJO9zSsBaXffgpt sGdg8JqEhNCpXTdkA0rpzkum7eK3oz4b/gp5BHqapd97PdUzQOmQQqiDEt34ugkxANnAo2ybV jwyJCR2TAWhYlCZnpJLMLJvjYOj3cV9o+CXjm/pxISGjMOAxsZ0hgaBZrU/O/WiuG/kUn4TK KgUk6X9SPBQaFp3HgHteMghhbIFRz+1dMh0QTCja0aQj+4sl/oX5W9C1fl/LlUhpHFh2iI1RA PjpHZXSFqqiGKHpAT+gFvTqPzrPz5rzPWzNOOrOPfsn5+AbvY5XU</latexit><latexit sha1_base64="ZVjIXHTackKEGPd PL+gvSd4dIB8=">AAACAXicbZDLSgMxFIYz9VbrbdSN4CZYhApSZqSgyxY3LivaC7SlZNK0D c0kQ3JGLEPd+CpuXCji1rdw59uYtrPQ6g+Bj/+cw8n5g0hwA5735WSWlldW17LruY3Nre0dd3 evblSsKatRJZRuBsQwwSWrAQfBmpFmJAwEawSjy2m9cce04UrewjhinZAMJO9zSsBaXffgpt sGdg8JqEhNCpXTdkA0rpzkum7eK3oz4b/gp5BHqapd97PdUzQOmQQqiDEt34ugkxANnAo2ybV jwyJCR2TAWhYlCZnpJLMLJvjYOj3cV9o+CXjm/pxISGjMOAxsZ0hgaBZrU/O/WiuG/kUn4TK KgUk6X9SPBQaFp3HgHteMghhbIFRz+1dMh0QTCja0aQj+4sl/oX5W9C1fl/LlUhpHFh2iI1RA PjpHZXSFqqiGKHpAT+gFvTqPzrPz5rzPWzNOOrOPfsn5+AbvY5XU</latexit>
pure gauge
<latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1 _base64="ZPkglLDev2tHq3l zE6EqS1uDDyQ=">AAAB+nicb ZDLSsNAFIYn9VbrLdWlm8Eiu CqJCLosuHFZwV6gDWUyPUmHT i7MnKgl9lHcuFDErU/izrdx2 mahrT8MfPznHM6Z30+l0Og43 1ZpbX1jc6u8XdnZ3ds/sKuHb Z1kikOLJzJRXZ9pkCKGFgqU0 E0VsMiX0PHH17N65x6UFkl8h 5MUvIiFsQgEZ2isgV3tIzxin mYKaMiyEKYDu+bUnbnoKrgF1 Eih5sD+6g8TnkUQI5dM657rp OjlTKHgEqaVfqYhZXzMQugZj FkE2svnp0/pqXGGNEiUeTHSuf t7ImeR1pPIN50Rw5Fers3M/2 q9DIMrLxdxmiHEfLEoyCTFhM 5yoEOhgKOcGGBcCXMr5SOmGE eTVsWE4C5/eRXa53XX8O1FrX FRxFEmx+SEnBGXXJIGuSFN0i KcPJBn8krerCfrxXq3PhatJa uYOSJ/ZH3+AMWPlEU=</late xit><latexit sha1_base6 4="ZPkglLDev2tHq3lzE6EqS1uDDyQ=">AAA B+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJCLo suHFZwV6gDWUyPUmHTi7MnKgl9lHcuFDErU/ izrdx2mahrT8MfPznHM6Z30+l0Og431ZpbX1j c6u8XdnZ3ds/sKuHbZ1kikOLJzJRXZ9pkCKG FgqU0E0VsMiX0PHH17N65x6UFkl8h5MUvIiF sQgEZ2isgV3tIzxinmYKaMiyEKYDu+bUnbno KrgF1Eih5sD+6g8TnkUQI5dM657rpOjlTKHg EqaVfqYhZXzMQugZjFkE2svnp0/pqXGGNEiUe THSuft7ImeR1pPIN50Rw5Fers3M/2q9DIMrL xdxmiHEfLEoyCTFhM5yoEOhgKOcGGBcCXMr5 SOmGEeTVsWE4C5/eRXa53XX8O1FrXFRxFEmx +SEnBGXXJIGuSFN0iKcPJBn8krerCfrxXq3Ph atJauYOSJ/ZH3+AMWPlEU=</latexit><latexit sha1_base6 4="ZPkglLDev2tHq3lzE6EqS1uDDyQ=">AAA B+nicbZDLSsNAFIYn9VbrLdWlm8EiuCqJCLo suHFZwV6gDWUyPUmHTi7MnKgl9lHcuFDErU/ izrdx2mahrT8MfPznHM6Z30+l0Og431ZpbX1j c6u8XdnZ3ds/sKuHbZ1kikOLJzJRXZ9pkCKG FgqU0E0VsMiX0PHH17N65x6UFkl8h5MUvIiF sQgEZ2isgV3tIzxinmYKaMiyEKYDu+bUnbno KrgF1Eih5sD+6g8TnkUQI5dM657rpOjlTKHg EqaVfqYhZXzMQugZjFkE2svnp0/pqXGGNEiUe THSuft7ImeR1pPIN50Rw5Fers3M/2q9DIMrL xdxmiHEfLEoyCTFhM5yoEOhgKOcGGBcCXMr5 SOmGEeTVsWE4C5/eRXa53XX8O1FrXFRxFEmx +SEnBGXXJIGuSFN0iKcPJBn8krerCfrxXq3Ph atJauYOSJ/ZH3+AMWPlEU=</latexit>
trans.
<latexit sha 1_base64="BfTQvxbQLWws1+ 7LIrC3yh82QgQ=">AAAB9Hic bZBNS8NAEIYn9avWr6pHL4tF 8FQSKeix4MVjBfsBbSib7aZd utnE3UmxhP4OLx4U8eqP8ea/ cdvmoK0vLDy8M8PMvkEihUHX /XYKG5tb2zvF3dLe/sHhUfn4 pGXiVDPeZLGMdSeghkuheBMF St5JNKdRIHk7GN/O6+0J10bE 6gGnCfcjOlQiFIyitfwe8ifM UFNlqrN+ueJW3YXIOng5VCBX o1/+6g1ilkZcIZPUmK7nJuhn VKNgks9KvdTwhLIxHfKuRUUj bvxscfSMXFhnQMJY26eQLNzf ExmNjJlGge2MKI7Mam1u/lfr phje+JlQSYpcseWiMJUEYzJP gAyE5gzl1AJlWthbCRtRTRna nEo2BG/1y+vQuqp6lu9rlXot j6MIZ3AOl+DBNdThDhrQBAaP 8Ayv8OZMnBfn3flYthacfOYU /sj5/AFFcpJd</latexit><latexit sha 1_base64="BfTQvxbQLWws1+ 7LIrC3yh82QgQ=">AAAB9Hic bZBNS8NAEIYn9avWr6pHL4tF 8FQSKeix4MVjBfsBbSib7aZd utnE3UmxhP4OLx4U8eqP8ea/ cdvmoK0vLDy8M8PMvkEihUHX /XYKG5tb2zvF3dLe/sHhUfn4 pGXiVDPeZLGMdSeghkuheBMF St5JNKdRIHk7GN/O6+0J10bE 6gGnCfcjOlQiFIyitfwe8ifM UFNlqrN+ueJW3YXIOng5VCBX o1/+6g1ilkZcIZPUmK7nJuhn VKNgks9KvdTwhLIxHfKuRUUj bvxscfSMXFhnQMJY26eQLNzf ExmNjJlGge2MKI7Mam1u/lfr phje+JlQSYpcseWiMJUEYzJP gAyE5gzl1AJlWthbCRtRTRna nEo2BG/1y+vQuqp6lu9rlXot j6MIZ3AOl+DBNdThDhrQBAaP 8Ayv8OZMnBfn3flYthacfOYU /sj5/AFFcpJd</latexit><latexit sha 1_base64="BfTQvxbQLWws1+ 7LIrC3yh82QgQ=">AAAB9Hic bZBNS8NAEIYn9avWr6pHL4tF 8FQSKeix4MVjBfsBbSib7aZd utnE3UmxhP4OLx4U8eqP8ea/ cdvmoK0vLDy8M8PMvkEihUHX /XYKG5tb2zvF3dLe/sHhUfn4 pGXiVDPeZLGMdSeghkuheBMF St5JNKdRIHk7GN/O6+0J10bE 6gGnCfcjOlQiFIyitfwe8ifM UFNlqrN+ueJW3YXIOng5VCBX o1/+6g1ilkZcIZPUmK7nJuhn VKNgks9KvdTwhLIxHfKuRUUj bvxscfSMXFhnQMJY26eQLNzf ExmNjJlGge2MKI7Mam1u/lfr phje+JlQSYpcseWiMJUEYzJP gAyE5gzl1AJlWthbCRtRTRna nEo2BG/1y+vQuqp6lu9rlXot j6MIZ3AOl+DBNdThDhrQBAaP 8Ayv8OZMnBfn3flYthacfOYU /sj5/AFFcpJd</latexit><latexit sha1_base6 4="BfTQvxbQLWws1+7LIrC3yh82QgQ=">AAA B9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKei x4MVjBfsBbSib7aZdutnE3UmxhP4OLx4U8eq P8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKG5tb 2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuh eBMFSt5JNKdRIHk7GN/O6+0J10bE6gGnCfcj OlQiFIyitfwe8ifMUFNlqrN+ueJW3YXIOng5 VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgks9K vdTwhLIxHfKuRUUjbvxscfSMXFhnQMJY26eQL NzfExmNjJlGge2MKI7Mam1u/lfrphje+JlQS YpcseWiMJUEYzJPgAyE5gzl1AJlWthbCRtRT RnanEo2BG/1y+vQuqp6lu9rlXotj6MIZ3AOl +DBNdThDhrQBAaP8Ayv8OZMnBfn3flYthacfO YU/sj5/AFFcpJd</latexit><latexit sha1_base6 4="BfTQvxbQLWws1+7LIrC3yh82QgQ=">AAA B9HicbZBNS8NAEIYn9avWr6pHL4tF8FQSKei x4MVjBfsBbSib7aZdutnE3UmxhP4OLx4U8eq P8ea/cdvmoK0vLDy8M8PMvkEihUHX/XYKG5tb 2zvF3dLe/sHhUfn4pGXiVDPeZLGMdSeghkuh eBMFSt5JNKdRIHk7GN/O6+0J10bE6gGnCfcj OlQiFIyitfwe8ifMUFNlqrN+ueJW3YXIOng5 VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgks9K vdTwhLIxHfKuRUUjbvxscfSMXFhnQMJY26eQL NzfExmNjJlGge2MKI7Mam1u/lfrphje+JlQS YpcseWiMJUEYzJPgAyE5gzl1AJlWthbCRtRT RnanEo2BG/1y+vQuqp6lu9rlXotj6MIZ3AOl +DBNdThDhrQBAaP8Ayv8OZMnBfn3flYthacfO YU/sj5/AFFcpJd</latexit>
same physics
<latexit sha1_base64="k1Z F6asSfe64sbyWJS2LzqDGBwE=">AAAB/HicbZDLSsNAFIYn9 VbrLdqlm8EiuCqJFHRZcOOygr1AG8pketIOnVyYORFDqK/ix oUibn0Qd76N0zYLbf1h4OM/53DO/H4ihUbH+bZKG5tb2zvl3c re/sHhkX180tFxqji0eSxj1fOZBikiaKNACb1EAQt9CV1/ej Ovdx9AaRFH95gl4IVsHIlAcIbGGtrVAcIj5pqFQJNJpgXXs6 Fdc+rOQnQd3AJqpFBraH8NRjFPQ4iQS6Z133US9HKmUHAJs8o g1ZAwPmVj6BuMzDLt5YvjZ/TcOCMaxMq8COnC/T2Rs1DrLPR NZ8hwoldrc/O/Wj/F4NrLRZSkCBFfLgpSSTGm8yToSCjgKDM DjCthbqV8whTjaPKqmBDc1S+vQ+ey7hq+a9SajSKOMjklZ+S CuOSKNMktaZE24SQjz+SVvFlP1ov1bn0sW0tWMVMlf2R9/gB3 j5U9</latexit><latexit sha1_base64="k1Z F6asSfe64sbyWJS2LzqDGBwE=">AAAB/HicbZDLSsNAFIYn9 VbrLdqlm8EiuCqJFHRZcOOygr1AG8pketIOnVyYORFDqK/ix oUibn0Qd76N0zYLbf1h4OM/53DO/H4ihUbH+bZKG5tb2zvl3c re/sHhkX180tFxqji0eSxj1fOZBikiaKNACb1EAQt9CV1/ej Ovdx9AaRFH95gl4IVsHIlAcIbGGtrVAcIj5pqFQJNJpgXXs6 Fdc+rOQnQd3AJqpFBraH8NRjFPQ4iQS6Z133US9HKmUHAJs8o g1ZAwPmVj6BuMzDLt5YvjZ/TcOCMaxMq8COnC/T2Rs1DrLPR NZ8hwoldrc/O/Wj/F4NrLRZSkCBFfLgpSSTGm8yToSCjgKDM DjCthbqV8whTjaPKqmBDc1S+vQ+ey7hq+a9SajSKOMjklZ+S CuOSKNMktaZE24SQjz+SVvFlP1ov1bn0sW0tWMVMlf2R9/gB3 j5U9</latexit><latexit sha1_base64="k1Z F6asSfe64sbyWJS2LzqDGBwE=">AAAB/HicbZDLSsNAFIYn9 VbrLdqlm8EiuCqJFHRZcOOygr1AG8pketIOnVyYORFDqK/ix oUibn0Qd76N0zYLbf1h4OM/53DO/H4ihUbH+bZKG5tb2zvl3c re/sHhkX180tFxqji0eSxj1fOZBikiaKNACb1EAQt9CV1/ej Ovdx9AaRFH95gl4IVsHIlAcIbGGtrVAcIj5pqFQJNJpgXXs6 Fdc+rOQnQd3AJqpFBraH8NRjFPQ4iQS6Z133US9HKmUHAJs8o g1ZAwPmVj6BuMzDLt5YvjZ/TcOCMaxMq8COnC/T2Rs1DrLPR NZ8hwoldrc/O/Wj/F4NrLRZSkCBFfLgpSSTGm8yToSCjgKDM DjCthbqV8whTjaPKqmBDc1S+vQ+ey7hq+a9SajSKOMjklZ+S CuOSKNMktaZE24SQjz+SVvFlP1ov1bn0sW0tWMVMlf2R9/gB3 j5U9</latexit><latexit sha1_base64="k1ZF6asSfe64sby WJS2LzqDGBwE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJFHRZcOOygr1AG8pketIOn VyYORFDqK/ixoUibn0Qd76N0zYLbf1h4OM/53DO/H4ihUbH+bZKG5tb2zvl3cre/sHhkX180t Fxqji0eSxj1fOZBikiaKNACb1EAQt9CV1/ejOvdx9AaRFH95gl4IVsHIlAcIbGGtrVAcIj5p qFQJNJpgXXs6Fdc+rOQnQd3AJqpFBraH8NRjFPQ4iQS6Z133US9HKmUHAJs8og1ZAwPmVj6Bu MzDLt5YvjZ/TcOCMaxMq8COnC/T2Rs1DrLPRNZ8hwoldrc/O/Wj/F4NrLRZSkCBFfLgpSSTG m8yToSCjgKDMDjCthbqV8whTjaPKqmBDc1S+vQ+ey7hq+a9SajSKOMjklZ+SCuOSKNMktaZE2 4SQjz+SVvFlP1ov1bn0sW0tWMVMlf2R9/gB3j5U9</latexit><latexit sha1_base64="k1ZF6asSfe64sby WJS2LzqDGBwE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlm8EiuCqJFHRZcOOygr1AG8pketIOn VyYORFDqK/ixoUibn0Qd76N0zYLbf1h4OM/53DO/H4ihUbH+bZKG5tb2zvl3cre/sHhkX180t Fxqji0eSxj1fOZBikiaKNACb1EAQt9CV1/ejOvdx9AaRFH95gl4IVsHIlAcIbGGtrVAcIj5p qFQJNJpgXXs6Fdc+rOQnQd3AJqpFBraH8NRjFPQ4iQS6Z133US9HKmUHAJs8og1ZAwPmVj6Bu MzDLt5YvjZ/TcOCMaxMq8COnC/T2Rs1DrLPRNZ8hwoldrc/O/Wj/F4NrLRZSkCBFfLgpSSTG m8yToSCjgKDMDjCthbqV8whTjaPKqmBDc1S+vQ+ey7hq+a9SajSKOMjklZ+SCuOSKNMktaZE2 4SQjz+SVvFlP1ov1bn0sW0tWMVMlf2R9/gB3j5U9</latexit>
on boundary
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A¯p.g. = !   q¯e
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FIG. 1: The initial action Sflat that describes interacting Ma-
joranas is imbedded in curved background giving SRC. At
the level of equations of motion, SRC gives the same bound-
ary dynamics as a topological action Stopo(A, A¯) that corre-
sponds to AdS2+1 space. The equations of motions of the
topological action ∗F (A) = 0 and ∗F (A¯) = 0, allow us to
consider pure gauge fields Ap.g. = ω+ qe and A¯p.g. = ω− q¯e.
The spin connection ω and dreibein e that correspond to
a pure gauge do not need to be flat. In particular, they
can describe the AdS2+1 space. We consider the transfor-
mation of Sflat to a curved background to be restricted to
such pure gauge transformations. From the behaviour of SRC
(or equivalently of Stopo) at the boundary and by employing
the AdS2+1/CFT1+1 correspondence we can determine the
central charge that of the original action Sflat.
spacetime and a radial part. We parametrise this space
with the local coordinates xµ = (xi, ρ) (i = 0, 1), with
ρ the radial coordinate and with M2 the spacetime on
which the dual CFT lives. We then solve the equa-
tions (16) and expand the (2+1)-dimensional line element
ds2 by using the Fefferman-Graham expansion [42]
ds2 = [e2ρgij+kij+kji+e
−2ρηABkAikBj ]dxidxj+ l2dρ2,
(17)
where A,B = 0, 1 are the spacetime indices of the tan-
gent space to the boundary M2, l =
√
2
3
4
3
r
M , kij is the
extrinsic curvature on the asymptotic (1+1)-dimensional
boundary and kAj = e
Aikij , with eAi the zweibein. In
the asymptotic limit ρ→∞, there appears a divergence
that can be cured by adding a counterterm Sc.t.topo, given
by
Sc.t.topo = −
4
l
∫
M2
ab
ijkAie
B
j . (18)
In this way, the holographic energy-momentum tensor
τA
i is given by
τA
i =
2pi
|e|
δ(Stopo + S
c.t.
topo)
δeAi
=
2pi
|e|
4
l
ijABk
B
j , (19)
where |e| is the determinant of eAi. Importantly, the
boundary torsion is zero and the spin connection is then
determined completely by the zweibein. By taking the
trace of the energy-momentum tensor we find
τ = eAiτA
i = 2pilR, (20)
where R is the 1+1-dimensional scalar curvature of the
boundary. This represents the conformal anomaly of the
dual CFT that can be rewritten as follows [41, 42]
τ =
c
24
R, (21)
with central charge
c = 64pi
√
2
3
r
M
. (22)
Hence, we have obtained that the central charge is pro-
portional to the strength of the interactions r, which
represents the effective mass of the pseudo-scalar field.
Importantly, the central charge measures the degrees of
freedom of the CFT and contains information about the
corresponding specific heat at low temperatures.
VI. SPECIFIC HEAT
In two dimensions, free massless Dirac fermions in
Dirac materials have specific heat, Cv, that scales
quadratically with temperature, Th [45]. This behaviour
is also true for free massless Majoranas. In the presence
of Coulomb interactions Dirac fermions have a specific
heat that scales linearly with Th. Hence, the change in
the behaviour of the specific heat can witness the pres-
ence of interactions between Dirac fermions. On the
other hand it is not known what the effect of interac-
tions is on the specific heat of Majorana fermions. More-
over, as Majorana fermions are neutral their thermal be-
haviour is one of the few manifestations we have to probe
their properties. Hence, it is of importance to understand
which role interactions play in these lower-dimensional
relativistic Majorana systems and how they change their
thermal behaviour.
In the previous section we derived that the two-
dimensional interacting gapless Majorana system given
in (1) is effectively described by the dual CFT with cen-
tral charge c given by (22). With this result at hand
we are able to quantify the role interactions have in the
specific heat of our model (1). The specific heat Cv of a
CFT when Th → 0 is related to the conformal anomaly
and its value is given by
Cv =
pi
6
cK2BTh, (23)
where KB is the Boltzmann constant (we have fixed the
velocity of light to unity) [32–34]. This tells us that Cv
scales linearly with temperature reflecting the behaviour
of interacting Dirac fermions. Moreover, we observe that
Cv depends through the central charge (22) on the cou-
pling, r, of interactions between the Majoranas. This rep-
resents the main result of our work and paves the way for
5understanding the behaviour of two-dimensional inter-
acting Majorana models in the non-perturbative regime.
VII. CONCLUSIONS
Here we considered a two-dimensional interacting Ma-
jorana system. This system is of physical relevance as ex-
periments with dense configurations of Majoranas can be
realised. Such systems are not readily amenable to cur-
rent numerical or analytical methods. Nevertheless, by
employing the holographic correspondence we were able
to identify the specific heat of this system. We found
that the interactions change the behaviour of the specific
heat. While the specific heat of free gapless Majorana
systems scale quadratically with temperature, the pres-
ence of interactions makes this scaling linear.
Being able to identify the change in the behaviour of
specific heat in a system from quadratic to linear could
allow us to experimentally reveal the presence of strong
interactions in novel topological phases supporting in-
teracting Majorana fermions on their boundary [6, 22].
In fact, the existence of chiral Majorana fermions on
the boundary of two-dimensional systems was recently
demonstrated by measuring their thermal Hall conduc-
tivity [46]. In the case of time-reversal invariant topo-
logical phases, the Hall conductivity is always zero and
the specific heat is the main thermal observable related
to topologically protected Majoranas.
Finally, a specific heat that scales linearly in tem-
perature, Th, was recently demonstrated for a two-
dimensional system of free Majoranas that can support
thermally excited vortices [18]. This behaviour is wit-
nessed for temperatures above a characteristic temper-
ature, where a crossover is induced to a regime where
thermally excited vortices proliferate. This character-
istic suggests that the linear behaviour of the specific
heat is exclusively due to the Majorana binding vortices
in the system. In contrast, we expect the linear depen-
dence of Cv in our system to occur at small temperature,
Th → 0. Our interacting Majorana system, rewritten
as the Gross-Neveu-Yukawa model in (1), describes free
Majorana fermions coupled to a dynamical pseudo scalar
field φ. In two dimensions we can view quantum vor-
tices as point-like defects that can behave similarly to
dislocations in lattice models. Static dislocations can be
described by the Burgers vector, which becomes in the
continuum limit the torsion field [47–49]. It is intrigu-
ing to rigorously determine if an interpretation of the
interacting Majorana system in terms of free Majoranas
coupled to dynamical vortices is possible. Such a de-
scription would facilitate us to identify the mean field
theory that faithfully describes the interacting model or
to build efficient numerical approximations to simulate
the 2D interacting system. We leave these tasks to a
future project.
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